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Abstract A semi-analytical procedure is presented for predicting free vibration characteristics of
composite shells of revolution. The approach considers both transverse shear deformation and the
coupling between symmetric and unsymmetric modes in laminated composite shells. Numerical
examples are given for the free vibrations of thin cylindrical laminated composite shells and
moderately thick symmetric cross-ply and antisymmetric angle-ply laminated composite conical
shells. The effects of shear deformation. circumferential wave number. thickness to radius ratio, ply
angle and ,tacking sequence on natural frequency are discussed.
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Young's modulus
shear modulus
thickness of shell wall
length of the meridian of the element
circumferentIal wave number
element shape function defined as .'v', = 'I and .Y, = '1 with '] = s/ L
average radius of conical shell
radius of the cone at its small and large ends. respectively
meridional. circumferential and radial coordinates. respectively
displacements in meridional. circumferential and radial directions. respectively
velocities
rotations of the normal to midplane around the s and II axes. respectively
Poisson's ratio
mass densitv of matenal
semi-vertex'angle of the conc
circular frequency
vector of nodal displacements
vector of nodal accelerations
matrices of extensional. extensional-bending coupling. bending and transverse shear stiffness
for the laminated shell
defined by eqns (14) and (15), respectively
defined by eqn (17)
stiffness matrix for the element
mass matrix for the element
matrix of shape funcuons for the element
vector of stress couples
vector of stress resultants
matnx of reduced stiffnesses for the ply
matnx of transformed reduced stiffnesses for the ply
vector of shear forces
vector of transverse shear strains
vector of midplane strains
vector of changes in the midsurface curvatures and twist
defined by eqns 18) and (9). respectively

1 INTRODUCTION

The semi-analytical procedure based on separating the variables in a Fourier series along
the circumferential direction and using conical finite elements along the meridional direction
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\vas first put forward by Grafton and Strome (1963). Later. considerable work was done
to improve. develop and apply this process (Zienkiewicz and Taylor. 1989). The literature
on the subject was well reviewed by Gallagher (1975). It is unnecessary to go into details
here. The processes have been shown to be capable of reducing computational labour
greatly if they are used to deal with the problem of isotropic axisymmetric shells.

The application of fibre-reinforced composite materials to the aerospace industry has
promoted investigation of free vibration of laminated composite shells of revolution (Bert
and Kumar. 1982: Noor and Burton. 1990: Bismarck-Nasr. 1992). Due to the limitation
of the scope of this study. only the literature on semi-analytical studies of this problem is
reviewed here.

A two-node straight truncated conical clement was first formulated and was applied
to the free vibration of axisymmetric orthotropic shells by Grafton and Strome (1963). A
16 degrees of freedom element based on high-order shape functions was developed and
\vas used to study the axisymmetric vihration of laminated shells by Shivakumar and
Krisnamurthy (1978). An unaxisymmetric truncated conical element considering the dis­
placement in the circumferential direction was presented and was employed to deal with
laminated composite shells of revolution by Sheinman and Grief (1984). The vibration
analysis of orthotropic cantilever cylindrical shells with axial thickness variation was carried
out hy Sivadas and Ganesan (1992). It should he pointed out emphatically that, unlike
isotropic shells. laminated composite shells are anisotropic and non-homogeneous. They
possess strong extensional-shear. extensionalhending and bending-twisting coupling
effects. Even if hoth shells and loachngs are axisymmetric. vibrations of shells still involve
symmetric and antisymmetric modes. In other words, symmetric and antisymmetric
vibrations of composite shells are coupled with each other. Because the above-mentioned
references do not consider this coupling effect. they are applicable only to isotropic, ortho­
tropic and cross-plied shells of revolution. In the context of semi-analytical analysis, only
Sheinman and Weissman (1987) considered the coupling between symmetric and anti­
symmetric modes in composite shells or revolution by using the unaxisymmetric conical
element based on the Kirchhoff-Love assumption.

Most of the advanced composites in use to date have a low ratio of the transverse
shear modulus to the in-plane modulus. Application of thick composite shells of revolution
in industries has also been increasing. These shells exhibit strong transverse shear defor­
mation effects. However. few researchers have presented a semi-analytical method con­
sidering both transverse shear deformation and the coupling between symmetric and anti­
symmetric modes.

The main objective of this paper. therefore. is to develop a semi-analytical procedure
for considering both transverse shear deformation and the coupling between symmetric
and unsymmetric modes for predicting free vibration characteristics oflaminated composite
shells of revolution. Numerical examples are given for free vibrations of thin laminated
composite cylindrical shells and thick symmetric cross-ply and antisymmetric angle-ply
laminated composite conical shells. The elfects of shear deformation. wave number, thick­
ness to radius ratio. ply angle and stacking sequence on natural frequency are discussed.

~ f OR\H'LATIO"

The Reissner Mindlin postulates arc adopted to consider transverse shear defor­
mation. In principle. these assumptions are for thick shells. but they are applicable to both
thick and thin shells by using reduced integration (Zienkiewicz and Taylor. 1989). Consider
a laminated composite conical shell shown in Fig. I. Let q) and r denote the semi-vertex
angle and average radius of the cone. respectively. The coordinate system s8c: is adopted.
II. I' and 1\' are the displacements in the meridional. circumferential and radial directions,
respectively: {i, and {il! are the rotations of the normal to the midplane around the sand 8
axes. respectively. Using the Reissner Mindlin assumptions. the eight strain components
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are given by the CollO\\ll1g l'\ jm:ssion (Cook. IllS 1)
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where E is the vector oC the shell midplane strains. Z is the vector of the changes in the
midsurface curvatures and twist and)' is the vector of the transverse shear strains.
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The constitutive relations for a laminated shell can be written as (see Appendix A) :

B

D

o

0] (ej

~, I~'
(4)

where N, !VI and S are vectors of the stress resultants, stress couples and shear force
resultants, respectively, and A, B, D and A, are the extensional, extensional-bending
coupling, bending and transverse shear stiffness matrices, respectively, which are defined in
Appendix A.

A two-node straight conical frustum element is used in this investigation; because a
laminated shell exhibits in-plane extensional-shear, extensional-bending and bending­
twisting couplings, its symmetric and antisymmetric modes are coupled with each other
(Sheinman and Weissman, 1987). For each of the two modes, each node of the element has
five independent degrees of freedom: three displacements and two rotations. Thus, the
nodal displacement vector of an element may be expressed as

(5)

where

(6)

in which i andj denote the front and rear ends of the frustum, respectively, and superscripts
k = 1,2 represent the symmetric and anti symmetric degrees of freedom, respectively.

For free vibration, the displacement field within an element for circumferential wave
number, n, may be expressed as

[OIN
O~N l{:~},[uDr/1ufJJ T = nO (7)

where

cosnO 0 0 0 0

0 sin nO 0 0 0

O,~ = 0 0 cosnO 0 0 (8)

0 0 0 cosn8 . 0

0 () 0 0 sinnfJ

sin nO 0 0 () 0

() cosnfJ 0 () ()

0;' = () () sin nO 0 0 (9)

0 () 0 sinnfJ 0

() 0 0 0 cosn8

"I = [N;I,N;I,J (10)
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in which I, is the 5 x 5 identity matrix. and lv', and S, are the element shape functions defined
as N i = I -I] and lV, = 'I with 'I = s L. Here L is the length of the element meridian.

The Hamilton's variational principle is used here to derive the equation of motion of
the shell. For the shell element considered. the potential energy n can be written as

I ,'.-,-'1 _ _

n =.., I I U:/l'\+X'M-t-),/S)rLdJ7dU,
- ill II ..,I)

(11 )

When the rotational inertia is ignored. the kll1ellc energy of the element Tcan be expressed
as

I ,"
r = ::' J, 1, ph(li= +(' + Ii . )rL dl' dO. (12)

where h is the thickness of the shell wall and a dOL represents derivative with respect to
time. Applying the Hamilton's variational principle and the orthogonal property of the
trigonometric functions gives the stiffness matrix for the element

JI r-'o A ,B,''1
B,;,. () J

I l- I()', - - I B;(B+B )B,; ()
() l + [Bh
B~J 0

~,TBd

l
-I- 'B;

xD o () 1 t l B.
I

Bi, ()
() 11

_ [B,I
B: A. 0

where B;', = [B~". B;;,J, B;, = [B;~" B~J B' = [B:. B~,I (k = 1.::') arc defIned in Appendix B,
and adopting the notation of Sheinman and Weissman (19~7) :

AI f), 1
1
"), () (I 0 A ",b l

4 I") L ,) () II 0 A:c,b l

.:\
() () A"",): :1 ,,,)- .·1." ,), 0

= ( 14)
() II A "c). A I). A I : I). 0

() () 4 _",): -I, ,), 4" ,), 0

.4 I' ,), 4 'If) I U IJ () A,,(o()1

Band fi are analogous [().\. except that A" in eqn (I-l) IS replaced by B'i and DIj' respectively.
and

'IHc). () IJ 4~,,) I

,~
() .·Ld) , J I () ()

() A",,): I ,~() U
(15)

·1,d)1 () U 1",),

where

j::'n Ii =() jO Ii = I)
() I

I
() , - 'IreIT Ii ,to Ii ,to

In calculating the stiffness matrix from eqn (13). reduced integration should be utilized in
order to avoid "shear locking'" (Zienkiewicz and Taylor. 19~9). One point Gauss rule is
used in this paper.
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Llbk I ",atural frequenCies (III hertz) for a damped free cylindrical steel shellt

i} ~ 210 GPa. (j = X2 CPa. \ = O.2X. fI = 7800 kg m-" length = 0.502 m.
; ;ldlUs = 0063:i m and 11= 16 1 ,10 . m.

Tlw 11i~ISS matrix for the element is given by

" l:'IJ 1
C

1

N
1\1 = I ('II

,I 0
(16)

wherc Ii IS mass densit) of the material and

,) () () () () l (i 2 0 0 0 0
() ,i, () () () 0 61 0 0 0

() () (i () () C 0 0 62 0 0

() () () (i () 0 0 0 62 0

() () () () ,i, 0 0 0 0 61

Inl the ,'ree vihration. the eigel1\alue problem is given by

(17)

(18)

\\hcre,) h lile circular frequency. For a non-trivial solution of eqn (18), the determinant
of thc cl1l'lticicnt matrix of the equation must vanish; this yields to the characteristic
cqllatlnn

(19)

The elge11\ ,dlles can be extracted b) following the general iterative technique.

.1. RESt ITS '\1'iD DISCUSSION

;'\i umcncal results are obtained by using the foregoing theory. In all calculations, the
shell IS dJ\ tded into 3D elements. Firstly, two check examples are calculated to verify the
formulatIon and accuracy of the present analysis.

The first example is a clamped free thin cylindrical steel shell. The clamped boundary
condition implies II = I' = I\' = {i = {)" = O. while at the free end all the nodal degrees of
freedom .IIT unconstrained. The natural frequencies are shown in Table 1 and compared
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Table 2. ~alLlral frequellcles (Ill hertz I of a clamped clamped isotropic cond

II

o
o
o
o
o

III This paper

1.094
UX2
2.069
2.6~{)

111.10

Slllll\ asall and Hosllr (19X9)

1.092

2.044
2.6\11
2.9tJJ

tLength R. = 1.1'2. Ii R. = OOX. (I) = 10 ,mel \. = II \

with experimental results provided by Gill ( 1972). This problem was studied previously by
Sharma (1977) and To and Wang (1991) using semi-analytical procedures based on the
Kirchhoff-Love hypothesis. Their solutions are shown in Table I for comparison. The
agreement in these results is very good. When tran~verse shear deformation is considered,
the shell becomes more flexible. Thus. the present results are lower than the corresponding
ones in the references. When n is large and the order of longitudinal modes m is high, results
given by this study and by To and Wang (1991) are slightly lower than the experimental
ones. This is perhaps due to the high ratio of the transverse shear modulus to the in-plane
modulus for steel.

The second example is a clamped ~Iamped thick isotropic cone. The natural fre­
quencies are shown in Table 2 and compared with an integral equation solution given by
Srinivasan and Hosur (1989). A good agreement i~ shown.

The formulation and accuracy of the present analysis are verified by these two exam­
ples. Laminated composite shell~ of revolution are now investigated. The material properties
for the calculated shells are E, = 206.9 GPa. E = P".62 GPa. G\. = 4.48 GPa. Gil = G 1 >

G2l = 0.5G 12 , 1'12 = 0.28 and Ii = 2048 kg m

3.1. Thin composite crlindl'ical .Ihcll
A simply supported (::(0 -1.) laminated cylindrical ~hell is considered. At one end the

boundary conditions are 11 = 1\' = fi, = O. whereas at the other end the boundary conditions
are II' = [3, = O. This problem was ~tudied prey iously by Sheinman and Weissman (1987)
using the semi-analytical method \vhich docs not account for transverse shear deformation;
because the coupling between symmetric and antisy mmetric modes was discussed by Shein­
man and Weissman (1987). the example is used to show the effect of transverse shear
deformation.

The natural frequencies for the (::(0 -1.) shell are listed in Table 3 and compared with
the results given by Sheinman and Weissman ( 1987). These results are for the longitudinal
mode 1. It can be seen from the table that tntnsverse shear deformation may decrease the
natural frequency of the shell. This phenomenon may be explained intuitively. When
transverse shear deformation is considered. the shell become~ more flexible. Thus, the
present results are lower than the corresponding ones in the reference. It can be seen from
the above discussion that transverse shear deformation should be included in the analysis.

3.2. Thick sylllmeTric ('/'O.l.I-plr cones
Figure 2 shows the variation of natural fl'CLjUenC\ with thickness to radius ratio h! R 2

for simply supported thick (090 ), cones, 0 and 90 layers imply the fibres run in the
axial and circumferential directions. respectively. The boundary eonditions are l' = 1\' = 0
at both ends. The results are for circumferential wave number /I = I and longitudinal mode
m = I. It is obvious that the natural frequency increases with the thickness to radius ratio.
Besides, it can also be found from the figure that the natural freLjuency ofa thick symmetric
conical shell increases with its semi-vertex angle (/). However. this conclusion is not valid
for the thin composite cones. e.g. for h R. = 0.0 I. the natural frequency of the cone with
<p = 60 is about 9.9(~o lower than that of the cone with q) = 45

Figure 3 shows the variation of natural frequency with thickness to radius ratio h R2

for (0 /90), and (90 0 ), cones. The results are for circumferential wave number n = I
and longitudinal mode 1/1 = I. Clearly. the effect ()f the stacking sequence on the natural
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I able 3 Natural frequencies (in hertz) of simply supported (Gl/O/ - Gl) cylindrical shellst

Gl (deg)

11 Source 0 15 30 45 60 75 90
---------_._-

Sheinman and Weissman (1987) 330.1 300.9 295.0 360.3 461.8 529.3 530.9
This paper 328.9 297.8 286.2 341.7 443.2 515.\ 5\9.3
Sheinman and Weissman (1987) 3873 372.3 371.1 451.3 567.3 619.3 558.2
This paper 3848 365.9 355.6 423.7 541.1 601.9 547.8
Sheinman and Weissman (1987) 366.8 3790 387.0 465.3 564.6 575.4 469.7
This paper 364.1 37l.5 368.5 435.3 539.2 561.8 463.4

4 Sheinman and Weissman (1987) 328.3 365.2 384.\ 453.5 523.9 499.0 388.8
This paper 325.7 357.1 363.2 423.4 502.7 489.6 384.7
Sheinman and Weissman (1987) 290.1 343.2 372.0 425.4 463.4 424.1 341.4
This paper 2875 334.9 349.8 398.1 447.8 4\7.7 338.4

6 Sheinman and Weissman (19871 258.9 319.1 353.1 385.0 399.0 367.\ 334.3
This paper 2562 310.6 3312 362.7 387.7 362.1 331.9
Shemman and Weissman (1987) 237.8 297.2 330.1 342.5 346.6 337.0 367.0
This paper 234.7 288.5 309.7 324.7 337.5 332.2 364.9
Sheinman and Weissman (1987) 228,2 281.2 308.8 3\0.6 316.9 337.9 432.7
This paper 224.7 272.3 290.3 295.0 308.0 332.4 430.7

9 Sheinman and Weissman (1987) 2307 274.5 296.2 297.1 313.2 368.9 523.5
This paper 2268 265.1 278.6 2812 303.2 361.8 521.3

10 Sheinman and Weissman (1987) 2448 278.9 296.8 303.8 333.6 423.1 633.7
This paper 240.6 268.9 279.0 286.4 321.8 414.9 631.1

11 Sheinman and Weissman (1987) 269.3 294.9 311.9 328.1 373.3 496.9 760.2
This paper 264.8 284.4 293.3 309.0 359.4 486.\ 757.2

tLength = 0381 m. radius = 0.1905 m. Ii = 0501 x 10 m.

frequency is profound. For h;Re = 0.1, the natural frequency of the (oc/900), cone is
approximately 11.5% higher than that of the (90 /OO), shell.

Figure 4 shows the variation of natural frequency with the circumferential wave
number n for (0 /90), cones. The results are for longitudinal mode m = 1. The natural
frequency of thick (0/90L cones increases with the circumferential wave number n. The
lowest natural frequency occurs at n = 1. It can be seen once again that the natural
frequency of thick symmetric cross-ply conical shell increases with its semi-vertex angle cP.

3.3. Thick antisymmetric angle-ply cones
Figure 5 shows the variation of natural frequency with the ply angle :x for simply

supported thick (:x - :x/:x. -:x) and ( - :x/a! - :x/a) cones. The results are for circumferential
wave number n = I and longitudinal mode m = 1. The effect of the stacking sequence on
the natural frequency of the antisymmetric angle-ply cones is significant in the vicinity of
:x = 30 . The natural frequency of the (30 - 30 /30/ - 30e

) cone is about 7.4% lower than
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that of the ( - 30 /30 - 30 /30 ) cone. The stacking sequence has negligible effect on the
antisymmetric angle-ply cones with other values of (1..

It is observed from the same figure that the ply angle may significantly affect the
natural frequency of the antisymmetric angle-ply cone. The natural frequency increases to
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a maximum before it decreases with the ply angle. The peak values of the natural frequency
for the two shells take place at 1. = .~O . They are 759.6 and 820.4 Hz. respectively.

Figure 6 shows the variation of thc natural frequency with the circumferential wave
number II for three (~45 45 - 4.'1 4.'1 ) conical shells. The results are for longitudinal
mode 111 = I. The results in the figure indicate that the natural frequency decreases to a
minimum before it increases with the number of circumferential waves. In addition, for
1 :os: II < 6. the natural freljuenc~ of thc cone decreases with its semi-vertex angle ¢, whereas
for 6 :os: II :os: 10. the natural frequency of the cone increases with its semi-vertex angle ¢.

-1 CO'\ClLSIO!\S

The salient features of this il1\estigation are: (I) the semi-analytical method based on
the Reissner Mindlin assumption and considering the coupling between symmetric and
antisymmetric modes is developed for predicting free vibration characteristics of laminated
composite shells of revolution: (21 the parametric study is carried out for thin laminated
composite cylindrical shells and thick symmetric cross-ply and antisymmetric angle-ply
laminated composite conical shells. Based on the numerical results presented by this paper,
the following conclusions may be drcm n :

(I) Trans\erse shear deformation may reduce the natural frequency of laminated
shells of revolution. Thus. the effect of shear deformation should be included in the analysis.

(2) The etfect of the stacking scqw:nce on the natural frequency of a thick symmetric
cross-ply cone is profound. The natural frequency of a symmetric cross-ply cone increases
with the circumferential wave num ber. the semi-vertex angle and the thickness to radius
ratio.

(3) The ply angle ma~ signtlieantly aflect the natural frequency of a thick anti­
symmetric angle-ply cone The (30 30 30 - 30 ) and ( - 3030 - 30 /30 ) cones have
higher natural freljuency. Although the effect of stacking sequence is strong for 1. = 30', it
is negligible for the antisymmetric angle-ply cones with other values of 7.. The natural
frequency of an antisymmetric angle-ply cone first decreases and then increases with its
semi-vertex angle and the number of circumferential waves.

A ckmJll"ledWI1/t'11 1 fhe' authors arc grd\c'lult<l the RcscalTh (ollllllittee of The Hong Kong Polytechnic University
for the tindnual support 01' this in\Cstlgatlllll
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,\PPENDIX A (O"SIITlTI\T REL\ IIO"S LOR I'HE LA:vllNATE

In a ply coordinate sy'slem 2.' Isec' 111' All. the stre" stram relatlOns for any ply are given by (Tsai and
Hahn. \980)
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where Q.. (1./ = I. ' 4.5.61 .1l·C 1lw redllL'ed stilfnesses 01 ~I plv and are rclated to material properties of a ply as
follows.

E, F
Q, Q Q (J. r, (JIO = G". Q" = G 1 ,· (A2)

I -- I", ' \' ~ I 1') 1", \

On transformation. the stres, stram rclati'llb In terms of gl,)h<11 coordmates arc ohtained as:
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(A3)

where Q'i(l.j = I. 2. .+. 5.61 <m' the transrormed reduced slillne,sc, or am ply and are related to Qil as follows:

Fig .'\ 1 Ph and glob,d c,)ordinates
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with ex being ply angle and

Z. C. Xi ft al.

Q" = V, + U, cos2ex+ U, cos4ex

0" = V,-U,cos4cc

016 = jc.:, sin2o:+ U, sin4ex

(J" = U,~U,cos2ex+U,cos4ex

(J" = !I.:, sin 2ex ~ U, sin 4cc

(J"" = [I, - U I cos4ex

0" = Q"sin'ex+Q44cos'o:

0" = (Q" - Q44) sin ex cos G(

(A4)

[I, = ~(3Q" +3Q" +2Q" +4Qoo)' U, = ~(Qll -Q,,)

[I, = ~(QII +Q" -2Q" -4Qoo), [14 = ~(QII +Q" +6QI2 -4Q,,)

u, =;(Q,,+Q,,~2Q,,+4Q6d. (A5)

The constitutive relations for laminated shells can be obtained by integrating the stresses and stresses
multiplied by the coordinate ~ through the thickness of the shell as follows:

_ r ,~, 1 [A"
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M
) IB' B" ."11' I [D' D" D"] [xl~ =1 M,,:, = B" B" B"r"( D" D" D" 'x,,'

,.M,,, \ B16 B" Bflf,-, j,1i D 16 D" D66 [x,,,J
(A7)

Equations (A6) -(A8) can be simplified as

(A8)

I~I A
<M>= B

I s I 0

B

o
o

(A9)

where N. '\1 and S are vectors of the stress resultants, stress couples and shear force resultants, respectively, and
A, B, 0 and A, are the extensional, extensional -bending coupling, bending and transverse shear stiffness matrices,
respectively, defined by

with h being thickness of the shell wall.

5 'Ii' _ ( 4Z')
A", = 41 _Q" 1- ----;- dz

• ,,_ h
(i,j = 4,5), (AlO)

APPENDIX B: STRAIN-DISPLACEMENT MATRICES

[

-IL

it" = (I-Ill sin r/J,/r
-n(l-IJ)'r

o
n(l-IJ);r

[~ I'L-(l-IJ)sinr/J/r]

o 0 O~](I-IJ)cosr/J/r 0
o 0

(BI)

r 1 L 0 0 0

:1B~" = , IJ sin <p r nlJ;' IJ cos r/J/r 0
-lIlJ r (1 L-IJ sin r/Jr) 0 0

(B2)



Composite shells of revolution
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o 0
o 0

(cos <P- 2rL + ~ sin 2rjJAr') 0

-lL
-I]sin rjJ r

-n~;r

o !nl]/r

(~sinrjJ/r-l/L)

(BI0)

-, [0
B;, = 0

~ (1- 'I) cos <p,r
o

n( I -'l)r
-I L

a
(1-/))

(Bll)

B' = [0., a
- '1 cos rjJ J 1111 r 0
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Here r = r, + (r, - r,)~ where r, and r, indicate the radius of the element at its small and large ends. respectively.


